NOTE: Beviser i differentialregningen

KBJ, maj 2024 2u MA

Setningl: f(x) =a-x+b= f'(xy) = a

Ay  flro+8x) —f(x) _ (alxo +Ax) + b) — (axo + b)

Ax Ax Ax
(a(xg+Ax)+b)—(axo+b) axg+alx+b—axy—b alAx
— p—vl p— a
Ax Ax Ax
. ﬂ _ . _ _ !
lim () = lim () = a = f'(x)) QED

Seetning 2: f(x) = x2 = f'(x) = 2x,

ﬂ=f(x0+Ax)—f(xo)=(x0+Ax)2—xg

Ax Ax Ax
(xo +Ax)? —x3  x3 + 2x00x + Ax? — x2  2xoAx + Ax?  2xoAx  Ax?
= = = + = 2x9 + Ax
Ax Ax Ax Ax Ax
lim (A—y) = lim (2x, + Ax) = 2x, + 0 = 2x4 = f(xo) QED
Ax—0 \Ax Ax—0 0 0 0 0

Seetning 3: f(x) = x3 = f'(x,) = 3x¢

Ay f(xo + Ax) — f(x0) _ (xo + Ax)® — x3
Ax Ax B Ax

(xo + Ax)® — x5 x5 + 3x§Ax + 3x0Ax? + Ax® — x5 3x§Ax + 3xoAx* + Ax>

Ax Ax Ax
= 3x3 + 3xAx + Ax?

. Ay _ s 2 2\ — 2.2 . .2 _ gt
Al}lcr_r)l0 (Ax) = AI;ICTOBXO + 3xoAx + Ax?) = 3x5 +3x,- 0+ 0 = 3x5 = f'(x0) QED



Seetning 4: f(x) = x* = f'(x,) = 4x

Ay  f(xo+Ax) — f(xo)  (x0+ Ax)* — xg
Ax Ax B Ax

(xo + Ax)* — x5 x5 + 4x5Ax + 6x5Ax% + 4xoAx® + Ax* — xg
Ax B Ax B
4x3Ax + 6x20x?% + 4xoAx3 + Ax*

Ax

= 4x3 + 6x3Ax + 4xoAx? + Ax3

Ax—0 \Ax

QED

Setning 5: f(x) = % = f'(x) = _xiw xo # 0
0

1 1
By flo+80) —f(x) T thx X
Ax Ax Ax
1 1 Xg _ xgt+Ax Xo — X — Ax —Ax
Xo+Ax  xg  xo(xg +Ax)  xo(xg +Ax)  xo(xg +Ax)  xo(xp +Ax) 1 —Ax -1
Ax B Ax B Ax - Ax T Ax X0 (%9 + Ax) %o (%o + Ax)
. Ay . -1 -1 -1 1
llm(—)zhm( )= = =—==1f"(x9), x#0 ED
Ax—0 \Ax Ax—0 \xqo(xo+Ax) xo(x0+0)  x¢-Xg x2 f ( 0) Q

Setning 6: f(x) = Vx = f'(x,) = % x>0

A_y_f(xo + Ax) — f(xg) :,/xo +Ax—\/x_0
Ax

Ax Ax

ot Bi— i (Rt B —Vr) (BT B+ i) BT Ar —E
bx ) A s i)

Xo + Ax — x

ST ) R R G TR

(DY . 1 _ 1 _ 1 1,
Jim, (32) = fim, () = G~ G i~ G %0 >0

g — 1
For x, = 0 fas: oraeid0) — Vo

lim (A—) = hm (4x0 + 6x3Ax + 4xgAx? + Ax3) = 4x3 + 6x5 - 0+ 4x - 0+ 0 = 4x3 = f'(x0)

QED

— oo for Ax — 0. Der findes altsa ikke en greenseverdi for x, = 0.



Seetning 7: For g differentiabel i x, geelder: f(x) =k - g(x) = f'(xy) = k- g'(xp).

A_y:f(x0+Ax)—f(x0) :k-g(xo-i-Ax)—k-g(xo) :k-(g(x0+Ax)—g(x0)) _

Ax Ax Ax Ax
g(xo + Ax) — g(x0)
k-
Ax
. Ay\ _ . 9o +AX)—g(x)\ _ 5 s 9o +Ax)—g(xe)\ _ 7 . _
Jim, (55) = Jim, (e S5 = ke Jim (SR = kg = f/0) QED

Seetning 8: For g og h differentiable geelder: f(xy) = g(xo) + h(xg) = f'(xo) = g'(x0) + h'(xp).

ﬂ _ f(xg + Ax) — f(x0) _ (g(xo + Ax) + h(xo + Ax)) - (g(xo) + h(xo)) _

Ax Ax Ax
g(xg + Ax) + h(xo + Ax) — g(xo) — h(xo) _ g(xo + Ax) — g(x) + h(xe + Ax) — h(x) _
Ax Ax
g(xo + Ax) — g(x9)  h(xe + Ax) — h(x)
+
Ax Ax
. Ay\ _ . gxo+Ax)—g(xg) | h(xg+Ax)—h(xe)\ _ . g(xo+Ax)—g(xg) . h(xo+Ax)—h(xg)\ _
Jim (52) = Jim ($rergrodie o SRR < Jim (SRERRIE0) ¢ Jim () =
g'(x0) + h'(x0) = f'(x0) QED

Seetning 9: For g og h differentiable gaelder: f(x) = g(x) — h(x) = f'(xy) = g'(xg) — h'(xp).

A_y _ f(xo + Ax) — f(xo) _ (g(xo + Ax) — h(xo + Ax)) - (g(xo) - h(xo)) _
Ax Ax B Ax B
g(xo + Ax) — h(xo + Ax) — g(xo) + h(xo) _ g(xo + Ax) — g(xo) — h(xo + Ax) + h(xo) _
Ax Ax
g(xo + Ax) — g(xo) = —h(xg +Ax) + h(xy)  g(xo +Ax) — g(xp) h(xe + Ax) — h(xo)
+ — —
Ax Ax Ax Ax

lim (A_y) — lim (g(xO+Ax)—g(xo) _ h(xo+AX)—h(xo)) — lim (g(xo+Ax)—g(xo)) _ lim (h(xo+Ax)—h(xo)) _
Ax—0 Ax Ax

Ax—0 \Ax Ax—0 Ax Ax—0 Ax

g'(x0) — h'(x0) = f'(x0) QED




Setning 10: For g og h differentiable gaelder:
fG) =g(x) - h(x) = f'(x0) = g'(x0) - h(xo) + g(x0) - ' (x0).

Ay _ flxo+8x) — f(xo) _ g(xo +Ax) - h(xo + Ax) — g(xp) - hixo) _
Ax Ax B Ax B

g(xo + Ax) - h(xo + Ax) — g(xo) - h(xo) + g(xo + Ax) - h(xp) — g(xo + Ax) - h(xo) _
Ax

g(xo + Ax) - h(xo) — g(xo) - h(xo) + g(x¢ + Ax) - h(xo + Ax) — g(x + Ax) - h(xo) _
Ax

(g(xo + Ax) — g(xo)) “h(xp) + g(xo + Ax) - (h(xo + Ax) — h(xo)) _
Ax

(g(xo + Ax) — g(xo)) ~h(xp) + g(xo + Ax) - (h(xo + Ax) — h(xo)) _

Ax Ax
g(xo + Ax) — g(x) h(xo + Ax) — h(x,)
A ~h(xg) + g(xg + Ax) - v
By (g(x + Ax) — g(xo) h(xo + Ax) — h(xo)\ _
Jim (52) = A;To( T O R -

_ (g(xo + Ax) — g(x,)
lim
Ax—0 Ax

h(xy + Ax) — h(x0)> 3

' h(xo)) + AI}CY_T}O <g(x0 + Ax) - Ax

. g(xo + Ax) — g(xo) . . . h(xo + Ax) — h(x,) _
m (P dim, (A Gro)) + fim (9o + 4)) - fim, Bx -

9'(x0) - h(x) + g(xo) - h'(x0) = f'(x0) QED



Seetning 11: For f(x) = x™, n € N, geelder f'(x) =n - x"!

Antaget at hvis f(x) = x™,sa f'(x) = n-x"1, dafas for f(x) = x"* = x - x™

- x™)' =) x"+x- ") =1-x"+x-n-x"1=1-x"+n-x"={1+n) - x"
Hvis seetning 11 geelder for n, geelder den altsa ogsa for n + 1.

Af s@tning 1 ses at (x1)’ = 1 =1 - x°. Altsa geelder setning 11 for n = 1.

Ved induktion er det saledes bevist, at s&tning 11 galder for alle n € N.

QED

Seetning 12: For f(x) = x%, a € R, geelder f'(x) = a - x%" L.
Det udnyttes at x = e,
f(x) = x* = (e@®)® = ealn@
1

1 1 a
f'(x) = (a-In(x)) - e®In(x) — 4. e eaIn(x) — 4. = elnx®) — . 2. ya = g. 421

=

QED



